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Abstract
In this paper we consider the theory of higher order homotopy coalgebras as a collection of spaces
between co-H -spaces and suspensions, which dualizes Stasheff’s theory of Ak-spaces when these
are defined through Ak-structures. Moreover we extend two Berstein–Hilton theorems which deal
with the primitive homotopy type of a suspension and the class of a suspension map, respectively.
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1. Introduction
Between H -spaces and loop spaces, Stasheff [10] defines a collection of spaces and
maps, Ak-spaces and Ak-maps, through the equivalent concepts of Ak-form and Ak-
structure, in such a way that A2-spaces and H -spaces coincide and 0-connected A∞-spaces
have the homotopy type of a loop space. Ak-forms are related to higher order homotopy
associativity properties, and an Ak-structure consists in a sequence of quasifibrations
F(n) :X in En(X) pn Bn(X),
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X E1(X)
p1
E2(X)
p2
· · · Ek−1(X)
pk−1
∗ B1(X) B2(X) · · · Bk−1(X)
where En−1(X) is contractible in En(X), 1 n k − 1. If (X,m) is an H -space, we can
define an A2-structure in such a way that the triple
F(1) :X i X ∗ X Hm ΣX
is the Sugawara quasifibration, where Hm denotes the Hopf construction for a multiplica-
tion m on X. The homotopy cofibre B2(X) of Hm is known as the projective plane of X
and denoted by XP 2. Generally, if X is an Ak-space, an Ak-form defines an Ak-structure
such that F(n) is obtained from F(n − 1) through the Dold–Lashof construction and the
homotopy cofibre Bn(X) of pn−1 is called the projective n-space of X and it is denoted
by XPn.
Berstein and Hilton suggest in [3] the development of a suitable theory of spaces, dual
to Stasheff’s theory, between co-H -spaces and suspensions. In [2], Berstein and Harper
find cogroups that have not the homotopy type of a suspension. Later, Klein, Schwänzl and
Vogt, dualizing in certain sense the concept of Ak-form, develop in [7] a theory of co-Ak-
spaces. On the other hand, Arkowitz and Golasinski define in [1] the concept of weak and
ordinary n-fold homotopy coalgebra structure of order k. For n = 1, a space that supports
such an structure is called a WHCk-space and an HCk-space, respectively, in this paper.
In Section 2 we study the behaviour, with respect to co-H -maps, of the coprojective
plane of a co-H -space, defined in [3] by Berstein and Hilton. In Section 3 we show that,
if X is a HCk-space, there is a homotopy commutative diagram
Ck(X)
lk
· · · C2(X)
l2
C1(X)
l1
∗
ΩFk(X) · · · ΩF2(X) ΩF1(X) X
where Cr+1(X) is the homotopy fibre of lr , and we show that C2(X) is, up to homotopy
type, the coprojective plane of X. By comparing both diagrams, WHCk-spaces appear to be
duals of Ak+1-spaces when they are defined through Ak+1-structures. By duality, we call
Cr(X) the coprojective r-space of a WHCk-space X. In Section 4 we define WHCk-maps
and we characterize them when the domain X is a retract of ΣCk+1(X) and, in particular,
when it is a suspension. Finally, in Section 5 we extend two Berstein–Hilton theorems [3,
Theorems A and B], which deal with the primitive homotopy type of a suspension and the
homotopy class of a suspension map.
Through this paper we shall work in the category of based spaces having the homotopy
type of CW-complexes with compactly generated topologies. By the exponential law, there
is an isomorphism of groups
A : [ΣX,Y ] → [X,ΩY ]
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the counit of the adjointness of Σ and Ω will be denoted, as usual, by e :X → ΩΣX and
ε :ΣΩX → X, respectively.
Arbitrary spaces will be assumed at least 0-connected and duality must be understood in
the sense of Eckmann–Hilton. We use the language of homotopy pull backs (briefly, hpb).
Mather’s paper [8] is a good reference for definitions and basic properties about these. By
simplicity, with respect to notation we shall frequently use the same symbol for a map and
its homotopy class. In this sense, we shall write f + g instead of [f ] + [g] and the class of
nullhomotopic maps will be denoted by 0.
2. The coprojective plane of a co-H-space
The flat product of Y and Z, denoted by YZ, is the homotopy fibre of the inclusion
map j :Y ∨ Z → Y × Z. Clearly, ζ = M(Ωi1 × Ωi2) is a coretraction for Ωj , where M
denotes the loop multiplication on Ω(Y ∨ Z). Thus we have an exact sequence of groups
0 [X,Ω(YZ)] (Ωπ)∗ [X,Ω(Y ∨ Z)] (Ωj)∗ [X,Ω(Y × Z)] 0
for any space X. In particular for X = Ω(Y ∨ Z), since (Ωj)(1 − ζ(Ωj)) = 0, there is an
unique, up to homotopy, map ξ :Ω(Y ∨ Z) → Ω(YZ) such that (Ωπ)ξ = 1 − ζ(Ωj).
The composition H ′(f ) = ξ(Ωf ) is known as the co-Hopf construction associated to
a map f :X → Y ∨ Z.
A co-H -space is a space X endowed with a map µ :X → X ∨ X such that jµ  ∆,
where j and ∆ denote the inclusion and diagonal map, respectively. Such a map µ is
called a comultiplication and it induces a binary operation on [X,Y ], for any space Y ,
defined (in homotopy classes of maps) by f + g = ∇(f ∨ g)µ. A map f : (X,µ) → (Y, ν)
is called a co-H -map, with respect to µ and ν, if νf  (f ∨ f )µ, or equivalently if the
induced map f ∗ : [Y,A] → [X,A] is a homomorphism of binary systems for any space A.
Let (X,µ) be a co-H -space, then there exists a sequence
ΩX
H ′(µ)
Ω(XX)
q
X,
where q is nullhomotopic. Since Ω(XX) has the homotopy type of the cojoin X ∗̂ X, this
sequence is word by word dual of the Sugawara quasifibration. However Hilton proves [5,
p. 215] that it is not a homotopy cofiber sequence, although the coprojective plane XC2 of
a co-H -space (X,µ) is defined as the homotopy fibre of H ′(µ).
As usual, we denote by σ the standard comultiplication on a suspension and we consider
a map f : (ΣA,σ) → (X,µ). By composing A(µf ) = (Ωµ)(Ωf )e with both terms of
(Ωπ)ξ = 1 − ζ(Ωj), one has
(Ωπ)H ′(µ)(Ωf )e =A[(i1 + i2)f − (i1f + i2f )].
Thus Berstein and Hilton characterize co-H -maps from suspensions as follows.
Theorem 2.1. A map f : (ΣA,σ) → (X,µ) is a co-H -map if and only if its adjoint
A(f ) = (Ωf )e factors through the coprojective plane XC2 of X.
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Corollary 2.2. The map ε(Σα) :Σ(XC2) → X is a co-H -map.
Moreover, since 1ΣA is a co-H -map, we have
Corollary 2.3. H ′(σ )e  ∗ :A → Ω(ΣAΣA).
In the connected CW-type, co-H -spaces are characterized as retracts of suspensions:
a space X admits a comultiplication if and only if there is a map γ :X → ΣΩX such that
εγ  1. The comultiplication associated to a coretraction γ is given by µ = (ε ∨ ε)σγ .
Since any comultiplication on a 1-connected co-H -space is a coloop structure [6, Theo-
rem 2.3], it follows that (ε ∨ ε)σ induces a monomorphism of algebraic loops when we
apply the functor [X,−]. Thus there exists a one–one correspondence between homotopy
classes of comultiplications on X and coretractions of ε. Moreover, in terms of coretrac-
tions, a map f : (X1,µ1) → (X2,µ2) is a co-H -map, with respect to µ1 and µ2, if and
only if γ2f  (ΣΩf )γ1, where γi is the coretraction associated to µi , for i = 1,2.
Proposition 2.4. Let X be a retract of Σ(XC2), then X supports a homotopy associative
comultiplication.
Proof. Let γ2 :X → Σ(XC2) be a coretraction of ε2 = ε(Σα). It is plain that γ = (Σα)γ2
is a coretraction for ε. Thus, since ε2 is a co-H -map with respect to the standard comul-
tiplication σ2 on Σ(XC2) and µ = (ε ∨ ε)σγ , it follows that ε∗2 : [X,Y ] → [Σ(XC2), Y ]
is a monomorphism and the proposition is proved because the target is associative. Hence
(X,µ) is a cogroup. 
Let f : (X,µ) → (Y, ν) be a co-H -map, since the co-Hopf construction is natural, we
have a homotopy commutative diagram H1,
XC2
α
ΩX
H1Ωf
H ′(µ)
Ω(XX)
Ω(f f )
YC2 α ΩY H ′(ν) Ω(YY )
where the rows are homotopy fiber sequences. Then H ′(ν)(Ωf )α  ∗ and so there exists
a map f2 :XC2 → YC2 such that αf2 = (Ωf )α.
If X is a retract of Σ(XC2), then the converse holds and we have the following charac-
terization of co-H -maps.
Proposition 2.5. Let X be a retract of Σ(XC2), then a map f :X → Y is a co-H -map if
and only if there is f2 :XC2 → YC2 such that αf2 = (Ωf )α.
Proof. It suffices to prove the converse. If there is a map f2 :XC2 → YC2 such that αf2 =
(Ωf )α, then (Ωf )α factors trough YC2, so its adjoint f ε(Σα) is a co-H -map with respect
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(f ∨ f )µε(Σα). Since ε(Σα) has a coretraction, it follows that f is a co-H -map with
respect to µ and ν. 
Note that the coprojective plane of a co-H -space is an invariant of the co-H -type in the
1-connected CW-type. Indeed, let f : (X,µ) → (Y, ν) be a co-H -equivalence, by applying
the standard 5-lemma argument to the exact homotopy sequences of H ′(µ) and H ′(ν) we
infer that the induced map f2 :XC2 → YC2 is a homotopy equivalence.
3. Higher order homotopy coalgebras
Ganea proves in [4] that a comultiplication is homotopy associative if and only if the
associated coretraction of the evaluation map is a co-H -map. Thus Ganea characterizes
cogroups as homotopy coalgebras, in the sense of Eilenberg–Moore, over the cotriple
(ΣΩ,ε,Σe). In generalizing the work of Ganea, a theory of weak and ordinary FG-
coalgebra structures for a pair of adjoint functors F and G, with specialization to the
case when F = Σn and G = Ωn, was developed in [1] by Arkowitz and Golasinski. In
particular, for n = 1, we extract from that paper the concept of WHCk-space.
A weak homotopy coalgebra structure of order k on X consists of a family of spaces
Cr(X), 1 r  k + 1, and maps γr :X → ΣCr(X), 1 r  k, satisfying
(1) C1(X) = ΩX;
(2) Cr+1(X) is inductively defined through the hpb
Cr+1(X)
Drαr
βr
ΩX
Ωγr
Cr(X) e ΩΣCr(X)
(3) εrγr  1, where εr =A−1(βr−1) = ε(Σβr−1).
A space X is called a WHCk-space if it supports such an structure. It is clear that WHC1-
spaces coincide with co-H -spaces.
A (ordinary) homotopy coalgebra structure of order k on a space X is a weak homotopy
coalgebra structure of order k which also satisfies
(4) the diagram Cr is homotopy commutative, for 1 r  k,
X
Crγr
γ1
ΣΩX
ΣΩγr
ΣCr(X) Σe ΣΩΣCr(X)
i.e., γr is a co-H -map with respect to µ = (ε ∨ ε)σγ1 and σr , for 1  r  k, where σr
denotes the standard comultiplication on ΣCr(X).
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HC1-spaces coincide with cogroups.
Suspensions are HCk-spaces for any k  1 [1, Proposition 1.5]. By completeness, we
here give an explicit HC∞-structure on a suspension ΣA: we take γ1 = Σe and we assume
defined γr :ΣA → ΣCr(ΣA) such that γr = Σer , for some er :A → Cr(ΣA). The unit
e is a natural map, then (ΩΣer)e = eer and so there exists a map er+1 :A → Cr+1(ΣA)
such that αrer+1 = er , since Dr is a hpb. Thus we define γr+1 = Σer+1 and this completes
the induction.
Note that, by taking adjoints in Dr , we have Σαr  γrεr+1. Thus
ε(Σα1)(Σα2) · · · (Σαr)  εγ1ε2γ2ε3 · · ·γrεr+1  εr+1
and, by taking adjoints again, it follows that α1α2 · · ·αr  βr . Hence we have
Σβr  (Σα1)(Σα2) · · · (Σαr)  γ1εr+1.
The following extension of 2.4 is a particular case of Theorem 1.6 in [1], but we give here
a shorter proof (which can be generalized to FG-coalgebras).
Proposition 3.1. WHCk+1-spaces are HCk-spaces for any k  1.
Proof. Note that (Σe)γrεr+1  (Σe)(Σαr)  (ΣΩγr)(Σβr)  (ΣΩγr)γ1εr+1. If X is
a WHCk+1-space, then εr+1 has a coretraction and, consequently, the diagram Cr is homo-
topy commutative for 1 r  k. 
Let X be a HCk-space and we denote Fr(X) the homotopy fibre of εr :ΣCr(X) → X,
1 r  k. By applying the functor [ΣCr(X),−] to the homotopy fiber sequence
Fr(X)
pr
ΣCr(X)
εr
X ,
we obtain an exact sequence of groups
0 [ΣCr(X),Fr(X)] (pr )∗ [ΣCr(X),ΣCr(X)] (εr )∗ [ΣCr(X),X] 0
Since εr(γrεr − 1) = 0, there is a unique, up to homotopy, map
gr :ΣCr(X) → Fr(X),
such that prgr = γrεr − 1, in homotopy classes. Thus
(Ωεr,Ωgr) :ΩΣCr(X) → ΩX × ΩFr(X)
is a homotopy equivalence and so the homotopy fiber sequence
ΩFr(X)
Ωpr
ΩΣCr(X)
Ωεr
ΩX
is equivalent to the trivial fibration. Since γr is a co-H -map and (pr)∗ is a monomorphism,
it follows grγr  ∗, for 1 r  k. In particular, the triple
ΩX
Ωγr
ΩΣCr(X)
Ωgr
ΩFr(X)
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Cr+1(X)
Drαr
βr
ΩX
Ωγr Tr
∗
Cr(X) e ΩΣCr(X) Ωgr
ΩFr(X)
is a hpb. By Lemma 12 in [8], Dr + Tr also is a hpb or, equivalently, Cr+1(X) is, up
to homotopy type, the homotopy fibre of A(gr) = (Ωgr)e. From now on we shall denote
lr =A(gr), for 1 r  k.
Consider the standard homotopy fiber sequence
XX
π
X ∨ X j X × X
It is well known that, in the 1-connected CW-type, the square
ΣΩX
ε
φ
X ∨ X
j
X
∆
X × X
is a hpb, being φ = (ε ∨ ε)σ . Thus the homotopy fibre F1(X) of ε has the same homotopy
type as XX. In other words, there is a map p :XX → ΣΩX such that (ε ∨ ε)σp  π .
Proposition 3.2. Let X be a co-H -space, then C2(X)  XC2.
Proof. Let µ = (ε ∨ ε)σγ be a comultiplication on X. If g is the unique homotopy class
such that pg = γ ε − 1, then we have πg = (ε ∨ ε)σpg = (ε ∨ ε)σ (γ ε − 1) = µε −
(i1ε + i2ε). Composition of Ωµ with (Ωπ)ξ = 1 − ζ(Ωj) yields (Ωπ)H ′(µ) = Ωµ −
(Ωi1 + Ωi2). By taking adjoints, one has
πA−1(H ′(µ))= µε − (i1ε + i2ε) = πg.
Since π induces monomorphism when we apply the functor [ΣΩX,−], it follows that
H ′(µ) A(g) = l1. Therefore their homotopy fibres, XC2 and C2(X) respectively, have
the same homotopy type. 
Now let X be a HCk-space and note that the right square in the diagram
Fr+1(X)
δr
pr+1
ΣCr+1(X)
Σαr
εr+1
X
1
Fr(X) pr ΣCr(X) εr X
is homotopy commutative. Thus εr(Σαr)pr+1  ∗ and consequently there is a map
δr :Fr+1(X) → Fr(X) such that prδr = (Σαr)pr+1. Hence one has prδrgr+1 =
(Σαr)pr+1gr+1 = (Σαr)(γr+1εr+1 − 1) = (Σαr)γr+1εr+1 − Σαr = γrεr+1 − Σαr =
Σαr − Σαr = 0. Since (pr)∗ is a monomorphism, it follows δrgr+1  ∗ and, by taking
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of lr . Therefore the diagram
Ck(X)
lk
αk−1
Ck−1(X)
lk−1
· · · C2(X)
l2
α1
C1(X)
l1
∗
ΩFk(X) Ωδk−1
ΩFk−1(X) · · · ΩF2(X) Ωδ1 ΩF1(X) X
is homotopy commutative.
Note that WHCk-spaces appears to be duals of Ak+1-spaces when these are defined
through Ak+1-structures. Recall that l1  H ′(µ) and, consequently, C2(X) and XC2 have
the same homotopy type. Hence the maps lr can be regarded as higher order co-Hopf
constructions and, by duality, we define the coprojective r-space of a WHCk-space X to
be Cr(X), 1 r  k + 1.
4. Homomorphisms of homotopy coalgebras
A map between two WHCk-spaces, f :X → Y , is called a WHCk-map if there are maps
fr :Cr(X) → Cr(Y ), for 1 r  k + 1, satisfying
(1) f1 = Ωf ;
(2) γrf  (Σfr)γr , for 1 r  k;
(3) given fr , we inductively define fr+1 through properties of hpb,
Cr+1(X)
αr
fr+1
βr
ΩX
Ωγr
Ωf
Cr(X)
f r
e
ΩΣCr(X)
ΩΣfr
Cr+1(Y )
βr
αr
ΩY
Ωγr
Cr(Y ) e ΩΣCr(Y )
Note that a WHC1-map is just a co-H -map and, by taking standard homotopy pull backs
(i.e., the double mapping track of a triad), the maps fr+1 can be defined in such a way that
the left and rear faces in the cube are (strictly) commutative squares.
Therefore, if f is a WHCk-map, we have a commutative diagram
Ck+1(X)
fk+1
αk
Ck(X)
fk
· · · C2(X)
f2
α1
ΩX
Ωf
Ck+1(Y ) α Ck(Y ) · · · C2(X) α ΩYk 1
C. Elvira, J.L. Navarro / Topology and its Applications 153 (2006) 1103–1115 1111and, conversely, commutativity of this diagram characterizes WCHk-maps, provided the
order of X, as weak homotopy coalgebra, is strictly greater than that of Y . Indeed, we have
the following extension of 2.5.
Proposition 4.1. Let X be a WHCm-space and let Y be a WHCk-space such that m > k.
Then a map f :X → Y is a WHCk-map if and only if there are maps fr :Cr(X) → Cr(Y )
such that frαr = αrfr+1, for 1 r  k.
Proof. It suffices to show the converse. If the above diagram commutes, the left and
rear faces in the cube are commutative. Since e is a natural map, the front face also
is commutative. The upper and bottom faces are, in particular, homotopy commuta-
tive, because they are hpb. Thus we have (Ωγr)(Ωf )βr = (Ωγr)βrfr+1  eαrfr+1 =
efrαr = (ΩΣfr)eαr  (ΩΣfr)(Ωγr)βr . By taking adjoints, it follows that γrf εr+1 
(Σfr)γrεr+1. Provided m > k, we infer that γrf  (Σfr)γr , since εr+1 :ΣCr+1(X) → X
admits a coretraction, for 1 r  k. Hence f is a WHCk-map. 
Let f :X → Y be a WHCk-map, then βr−1fr = (Ωf )βr−1. By taking adjoints,
εr (Σfr) = f εr . Thus εr(Σfr)pr  ∗ and so there is a family of maps φr :Fr(X) → Fr(Y )
such that prφr = (Σfr)pr , for 1 r  k + 1.
Fr(X)
φr
pr
ΣCr(X)
Σfr
εr
X
f
Fr(Y ) pr ΣCr(Y ) εr Y
On the other hand, for 1 r  k,
γrεr (Σfr) = γrf εr  (Σfr)γrεr
and, by composing prgr = γrεr − 1 with Σfr , we have
prgr(Σfr) = γrεr (Σfr) − Σfr = (Σfr)γrεr − Σfr = (Σfr)prgr = prφrgr .
Since (pr)∗ : [ΣCr(X),Fr(X)] → [ΣCr(X),ΣCr(X)] is a monomorphisms, it follows
that gr(Σfr)  φrgr and, by taking adjoints, lrfr  (Ωφr)lr . Thus Hr
Cr+1(X)
fr+1
αr
Cr(X)
Hrfr
lr
ΩFr(X)
Ωφr
Cr+1(Y ) αr Cr(Y ) lr ΩFr(Y )
is a homotopy commutative diagram, for 1  r  k. Conversely, if there are maps
fr :Cr(X) → Cr(Y ) and φr :Fr(X) → Fr(Y ) such that the diagram Hr is homotopy
commutative, for 1  r  k, then lrfrαr  ∗ and so there is a map fr+1 such that
frαr = αrfr+1. Thus, in the conditions of 4.1, it follows that f is a WHCk-map. Hence we
have proved
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Then a map f :X → Y is a WHCk-map if and only if the diagram Hr is homotopy com-
mutative, for 1 r  k.
Next we give a characterization of WHCk-maps from suspensions which extends 2.1 and
its corollaries. Consider the standard HC∞-structure on ΣA given in the previous section:
γr = Σer , for some er :A → Cr(ΣA), where e1 = e and er+1 such that er = αrer+1, for
all r  1.
Theorem 4.3. Let X be a WHCk-space, then a map f :ΣA → X is a WHCk-map if and
only if there are maps fr :Cr(ΣA) → Cr(X) such that frer factors through Cr+1(X), for
1 r  k.
Proof. Let f :ΣA → X be a WHCk-map. Thus frαr = αrfr+1 and so frer = frαrer+1 =
αrfr+1er+1, for 1  r  k. Therefore frer factors through Cr+1(X). In the converse,
we shall proceed by induction. Since f1e1 = (Ωf )e = A(f ), we apply 2.1 and 3.2
to infer that f is a co-H -map. Now assume that f is a WHCr -map for 1  r < k,
then one has in particular (Ωf )βr−1 = βr−1fr , for 1  r  k. Note that A[γkf −
(Σfk)(Σek)] = (Ωγk)(Ωf )e − efkek = (Ωγk)(Ωf )βk−1ek − efkek = (Ωγk)βk−1fkek −
efkek = [(Ωγk)βk−1 −e]fkek =A(γkεk −1)fkek =A(pkgk)fkek = (Ωpk)lkfkek . If fkek
factors through Ck+1(X) and uk+1 :A → Ck+1(X) is a map such that αkuk+1 = fkek , then
lkfkek = lkαkuk+1 = 0. SinceA is an isomorphism, it follows that γkf − (Σfk)(Σek) = 0
and we conclude that f is a WHCk-map. 
Let f :ΣA → X be a WHCk-map, then
βkuk+1 = βk−1fkek = (Ωf )βk−1ek = (Ωf )e =A(f ).
In other words A(f ) factors through Ck+1(X). Let X be a WHCk-space, since βr factors
through Cr+1(X), for 1 r  k, we have
Corollary 4.4. εk+1 :ΣCk+1(X) → X is a WHCk-map for k  1.
Plainly 1ΣA is a WHCk-map for all k  1, then one has
Corollary 4.5. lkek  ∗ :A → ΩFk(ΣA), for k  1.
5. On the homotopy type of a suspension
We say that dimX  n if there is an n-dimensional CW-complex in the homotopy type
of X. For finite dimensional spaces, it has been known for a long time that, if X is an
(n − 1)-connected space (n  1) and dimX  2n − 1, then X has the homotopy type of
a suspension. Berstein and Hilton prove [3, Theorem A] that an (n − 1)-connected space
(n  2) such that dimX  3n − 3 has the homotopy type of a suspension if and only
if it is a co-H -space. Moreover, the homotopy equivalence is a co-H -map with respect
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Ganea [4, Theorem 3.3] proves that, if X is an (n − 1)-connected cogroup (n  2) and
dimX  4n − 5, then X is co-H -equivalent to a suspension.
Now let X be a WHCr -space, if Er denote the double mapping track of Σe and ΣΩγr ,
then we have a standard hpb
Er
Brhr
kr
ΣΩX
ΣΩγr
ΣCr(X) Σe ΣΩΣCr(X)
By applying Σ to the diagram Dr , there are maps φr :ΣCr+1(X) → Er such that krφr =
Σβr and hrφr = Σαr . The following result is an immediate consequence of Lemmas 3.1
and 3.2 in [4].
Lemma 5.1. Let X be an (n − 1)-connected WHCr -space, n  2, then the map
εr :ΣCr(X) → X is a [(r +1)(n−2)+3]-equivalence and the map φr :ΣCr+1(X) → Er
is a [(r + 3)(n − 2) + 3]-equivalence.
Assume dimX N , where N = (r + 2)(n− 2)+ 3, then F = H˜N(X) is a free Abelian
group. Let Y be a CW-complex in the homotopy type of Cr+1(X), W = Y(N − 1,F ) the
homological section in the sense of Berstein and Hilton [3, Theorem 2.1] and u :W → Y
the inclusion map. By 5.1 and 4.4, it follows that f :ΣW → X is a WHCr -equivalence,
where f denotes the composition
ΣW
Σu
ΣY  ΣCr+1(X) εr+1 X.
Thus we have
Theorem 5.2. Let X be an (n − 1)-connected WHCr -space (n  2) such that dimX 
(r + 2)(n − 2) + 3, then X is WHCr -equivalent to a suspension.
This result completes Theorem 6.4 in [9] and extends Theorem A in [3]. In particular,
we also have the following extension of Theorem 3.3 in [4].
Corollary 5.3. Let X be an (n − 1)-connected HCr -space (n  2) such that dimX 
(r + 3)(n − 2) + 3, then X is WHCr -equivalent to a suspension.
Proof. Let X be an (n−1)-connected HCr -space, since Br is a hpb and Cr is a homotopy
commutative diagram, there exists a map vr :X → Er such that hrvr = γr and krvr = γ1.
By 5.1 the induced map
(φr)∗ :
[
X,ΣCr+1(X)
]→ [X,Er ]
is surjective, provided dimX  (r + 3)(n − 2) + 3. Thus there exist a map γr+1 such
that φrγr+1  vr . Since εkrφr = εΣβr = εr+1, we have εr+1γr+1 = εkrφrγr+1  εkrvr =
εγ1  1. Thus X is a WHCr+1- space and we are in the conditions of the theorem. 
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the maps αr and βr are fibrations. Then the (inverse) limit of a tower of fibrations
· · · Cr+1(X) αr Cr(X) · · · C3(X) α2 C2(X) α1 ΩX
is well-behaved for compactly generated spaces. If X is (n − 1)-connected, then αr is an
[(r + 1)(n − 2) + 1]-equivalence. Thus the induced homomorphism in homotopy groups
is an isomorphism for r large enough provided n 3. Then the lim1 term vanishes and we
have πq(A) ∼= limr πq(Cr(X)), where A is a CW-substitute for limr (Cr(X)).
Theorem 5.4. If X is a 2-connected HC∞-space, then X has the homotopy type of a sus-
pension.
Proof. By composing with the natural projections of the limit, we have a collection of
maps hr :A → Cr(X), for any r , which are (r + 2)-equivalences at least when X is a
2-connected HC∞-space. Since εr(Σαr) = εr+1, there is a map h :ΣA → X which fac-
tors through ΣCr(X) for any r . In other words h = εr(Σhr) is an (r + 3)-equivalence
for any r . Then h is a weak homotopy equivalence and so a homotopy equivalence in the
CW-type. 
A question closely related to the homotopy type of a suspension is when a map
f :ΣA → ΣB belongs to the class of a suspension map. If dimA  2n − 1 and B is
(n − 1)-connected, then E∗ : [A,B] → [ΣA,ΣB] is surjective, where E∗ = A−1e∗ de-
notes the generalized homotopical suspension, and so any map f :ΣA → ΣB belongs to
the class of a suspension map. Next step was achieved by Berstein and Hilton who proved
in [3] the following theorem: Assume dimA 3n − 2 and let B be an (n − 1)-connected
space (n 1), then any co-H -map f :ΣA → ΣB is homotopic to a suspension map. Our
aim is now to extend this theorem to WHCk-maps.
Theorem 5.5. Let f :ΣA → ΣB be a WHCk-map, B (n − 1)-connected (n  1) and
dimA (k + 2)(n − 1) + 1, then f belongs to a suspension class.
Proof. Suppose that f is a WHCk-map, then the right square in the diagram
A
g
vk+1
ek
Ck(ΣA)
fk
lk
ΩFk(ΣA)
ΩφkCk+1(ΣB)
αk
B
ek+1
ek
Ck(ΣB) lk
ΩFk(ΣB)
is homotopy commutative. There is a map vk+1 :A → Ck+1(ΣB) such that fkek = αkvk+1,
since lkfkek  ∗. Suppose that B is (n − 1)-connected, then εk+1 :ΣCk+1(ΣB) → ΣB
is a [(k + 2)(n − 1) + 3]-equivalence and γk+1 = Σek+1 is a [(k + 2)(n − 1) + 2]-
equivalence, since εk+1γk+1  1. Hence ek+1 is a [(k + 2)(n− 1)+ 1]-equivalence and so,
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is surjective. Thus there exists a map g :A → B such that ek+1g  vk+1. Therefore,
eBg = βkek+1g  βkvk+1  βk−1αkvk+1 = βk−1fkek = (Ωf )βk−1ek = (Ωf )eA =A(f ).
By taking adjoints, it follows f  Σg. 
In particular, for A = Sm−1, we have the following:
Corollary 5.6. Let α ∈ πm(ΣB) be the homotopy class of a WHCk-map and assume that
m (k + 2) conn(B) + 2, then α ∈ Im[E∗ :πm−1(B) → πm(ΣB)].
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